NONCOMMUTATIVE AND VECTOR- VALUED BOYD 
INTERPOLATION THEOREMS 
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Abstract. We present a new, elementary proof of Boyd's interpolation the- 
orem. Our approach naturally yields a vector-valued as well as a noncommu- 
tative version of this result and even allows for the interpolation of certain 
operators on (^-valued noncommutative symmetric spaces. By duality we may 
interpolate several well-known noncommutative maximal inequalities. In par- 
ticular we obtain a version of Doob's maximal inequality and the dual Doob 
inequality for noncommutative symmetric spaces. We apply our results to 
prove the Burkholder-Davis-Gundy and Burkholder-Rosenthal inequalities for 
noncommutative martingales in these spaces. 

1. Introduction 

Symmetric Banach fmiction spaces play a pivotal role in m.any fields of mathe- 
matical analysis, especially probability theory, interpolation theory and harmonic 
analysis. A cornerstone result in the interpolation theory of these spaces is the 
Boyd interpolation theorem, named after D.W. Boyd. Together with the Calderon- 
Mitjagin theorem, which characterizes the symmetric Banach function spaces which 
are an exact interpolation space for the couple (L^(]R+), L°°(R+)), Boyd's theorem 
provides an invaluable tool for the analysis of symmetric spaces. 

The history of Boyd's interpolation theorem begins with the announcement of 
Marcinkiewicz [26|, shortly before his death, of an extension of the Riesz-Thorin 
theorem. Let us say that a sublinear operator T is of Marcinkiewicz weak type {p,p) 
if for any f e LP{R+), 

where d{-;Tf) denotes the distribution function of Tf. Marcinkiewicz demon- 
strated that if a sublinear operator T is simultaneously of Marcinkiewicz weak 
types {p,p) and {q,q) for 1 < p < q < oo, then T is bounded on i''(M_|_), for any 
p < r < q. A full proof of this result was published years later by Zygmund l34ll . 
based on Marcinkiewicz' notes. Soon after it was observed by Stein and Weiss [3l| 
that Marcinkiewicz' result is valid for the larger class of operators which are simul- 
taneously of weak types {j),p) and (g, q). Here T is said to be of weak type {j),p) if 
for any / in the Lorentz space i'''^(R+), 

The class of sublinear operators which are of simultaneous weak types {p,p) and 
{q, q) was subsequently characterized by Calderon [6| as consisting of precisely those 
maps T which satisfy 

Mt(r/)<C5p,,(/i(/))(t) (i>0). 
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2 SJOERD DIRKSEN 

where /^(/) denotes the decreasing rearrangement of / and Sp^q is a hnear integral 
operator which is nowadays known as Calderon's operator. Finally, in [J| Boyd 
introduced two indices pE and qe ior any symmetric Banach function space on M.^ 
and showed that the operator Sp^q is bounded on E precisely when p < pe ^ Qe < q- 
Together with Calderon's characterization, this yields Boyd's interpolation theorem: 
every sublinear operator of simultaneous weak types {p,p) and (g, q) is bounded on 
E if and only ii p < Pe ^ IE < Q- 

In this paper we are concerned with obtaining a generalization of Boyd's result 
to noncommutative, vector-valued and, to a limited extent, also noncommutative 
vector-valued symmetric Banach function spaces. As it turns out, the original 
approach sketched above remains feasible in both the vector-valued and the non- 
commutative setting (see the appendix of this paper), but becomes problematic 
for noncommutative vector-valued spaces. We develop a new, elementary approach 
to Boyd's interpolation theorem for the class of Marcinkiewicz weak type opera- 
tors. Our approach consists of two observations, which are close in spirit to the 
original approach. Firstly, we characterize the sublinear operators of simultaneous 
Marcinkiewicz weak types {p,p) and {q,q) as being exactly those which for some 
a > satisfy the inequality 

d{av;Tf)<d{v;ep^qf) (f > 0), 

where Qp.q is the linear operator 

Secondly, we show that 9p_g is bounded on E ii p < pE < qE < q- Our approach 
immediately extends to yield both a vector- valued and a noncommutative version of 
Boyd's result. Moreover, all results are valid for symmetric gwasi-Banach function 
spaces. Thus we obtain Boyd's theorem and its extensions for the full scale of 
L^-spaces. 

Interestingly, our method even yields interpolation results for certain operators 
defined on noncommutative l^- and P-valued L^-spaces in the sense of Pisier |29[. 
In particular, it allows for the interpolation of noncommutative probabilistic in- 
equalities such as the dual Doob inequality, in the noncommutative setting due to 



Junge 15|, and the 'upper' noncommutative Khintchinc inequalities, originally due 
to Lust-Piquard [23, 24]. In fact, our approach has its origins in the proof of the 
Khintchine inequalities for noncommutative symmetric spaces given in [7|, |8| , which 
the author only later understood as Boyd-type interpolation results. 

By adapting the duality argument in Junge's proof of the Doob maximal inequal- 
ity for noncommutative L^-spaces, we can dualize our noncommutative Z^-valued 
interpolation result to find an interpolation result for noncommutative maximal 
inequalities. In particular, we deduce a version of Doob's maximal inequality for 
a large class of noncommutative symmetric spaces. In the final section we uti- 
lize the latter inequality and its dual version to prove Burkholder-Davis-Gundy 
and Burkholder-Rosenthal inequalities, respectively, for noncommutative symmet- 
ric spaces. Our results extend the Burkholder-Gundy and Rosenthal inequalities 
established in [7|, as well as the Burkholder-Rosenthal inequalities for noncommu- 
tative L^-spaces and Lorentz spaces obtained in [16| and [l4[, respectively. 

During the writing of this manuscript we discovered that an interpolation result 
for noncommutative $-moment inequalities associated with Orlicz functions was 
proved recently in [l| . We discuss the connection of our work with this result and 
in fact show that many of our interpolation results have a '^-moment version'. 

The paper is organized so that the first part, up to the vector- valued Boyd inter- 
polation theorem, can be read without any knowledge of noncommutative analysis. 
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2. Symmetric quasi-Banach function spaces 

In this preliminary section we introduce symmetric quasi-Banach function spaces 
and discuss their most important properties. The resuhs presented below are all 
well known for Banach function spaces, but not easy to find for quasi-Banach func- 
tion spaces. We shall need the following well-known result due to T. Aoki and S. 
Rolewicz, which states that every quasi-normed vector space can be equipped with 
an equivalent r-norm (see e.g. jl9| for a proof). 

Theorem 2.1. (Aoki- Rolewicz) Let X he a quasi-normed vector space. Then there 
is a C > and < r < 1 such that for any xi, . . . , a;„ G X , 



(1) ||E^'||^^(Eii^' 



i=l 4=1 

Let 5'(M+) be the linear space of all measurable, a.e. finite functions / on M_|_. For 
any / £ S'(R+) we define its distribution function by 

d(«;/) = A(tGM+ : \f[t)\>v) (« > 0), 

where A denotes Lebesgue measure. Let 5'(R+) be the subspace of all / G -SCK-i-) 
such that d{v;f) < oo for some v > and let S'o(M+) be the subspace of all 
/ e 5(K+) with d{v; /) < oo for ah w > 0. For / e 5(R+) we denote by ii{f) the 
decreasing rearrangement of /, defined by 

^ltif)^ini{v>0 : d{v- f) < t} (i > 0). 

For f.g G S'(M+) we say / is submajorized by g, and write / ^^ g, if 

/ ^s{f)ds < I ^s{g)ds, for all t > 0. 

A (quasi-)normed linear subspace E of 5(R+) is called a (quasi-) Banach function 
space on M+ if it is complete and if for / G S'(M-i-) and g ^ E with |/| < \g\ we 
have f G E and ||/||£ < \\g\\E- A (quasi-)Banach function space E on M+ is called 
symmetric if for / G 5'(R+) and g & E with ^{f) < ^{g) we have f & E and 
I! /11b ^ lis 1 1 -E- It is called fully symmetric if, in addition, for / G S'(R-i-) and g € E 
with / ^^ g it follows that f & E and \\f\\E < \\g\\E- 

A symmetric (quasi-)Banach function space is said to have a Fatou (quasi-)norm 
if for every net {fp) in E and f € E satisfying < //3 t / we have ||//3|b t II/||b- 
The space E is said to have the Fatou property if for every net {fp) in E satisfying 
< /^ t and sup^ IIZ/sIIb < oo the supremum / = sup^ fp exists in E and ||/^||_e t 
||/||b- We say that E has order continuous (quasi-)norm if for every net (/^) in E 
such that fp iO we have ||/,9||£ i 0. In the literature, a symmetric (quasi-) Banach 
function space is often called rearrangement invariant if it has order continuous 
(quasi-)norm or the Fatou property. We shall not use this terminology. 

Let us finally discuss some results specific for symmetric Banach function spaces. 
The Kothe dual of a symmetric Banach function space E is the Banach function 
space E'^ given by 

i?" - {.g G 5(R+) : sup{y \f{t)g{t)\dt : |1/|U < l} < ^}; 

\\g\\E-^=Bu^{p\f{t)g{t)\dt : ||/b<l}, g^E-. 

The space E'^ \s fully symmetric and has the Fatou property. It is isometrically 
isomorphic to a closed subspace of E* via the map 

g^Lg, Lgif)^ f f{t)g(t)dt {f e E). 

Jo 
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A symmetric Banach function space on IR+ has a Fatou norm if and only if E embeds 
isometrically into its second Kothe dual E^^ = (E^)^. It has the Fatou property 
if and only HE — E^^ isometrically. It has order continuous norm if and only if 
it is separable, which is also equivalent to the statement E* = E"- . Moreover, a 
symmetric Banach function space which is separable or has the Fatou property is 
automatically fully symmetric. For proofs of these facts and more details we refer 

to Silil. 



2.1. Boyd indices. We now discuss the Boyd indices, which were introduced by 
D.W. Boyd in [J|. For any < a < oo we define the dilation operator Da on <S'(M+) 

by 

iDJ){.s) = f{a.s) is e M+). 



The following lemma is well known for symmetric Banach function spaces (cf. 2ll|). 



Lemma 2.2. Let E be a symmetric quasi- Banach function space on IR+. Then, for 
every < a < oo, Da defines a bounded linear operator on E. Moreover, a M- \\Da\\ 
is a decreasing, submultiplicative function on M+ . 

Proof. Since /i(/) is decreasing, we have for any a < b, 

DbKDis) = Mbs(/) < Mas(/) - Da^iif)is). 

Hence, if Da is bounded on E, then Di, is bounded on E as well and \\Di,\\ < Hl^all- 
In particular, \\Da\\ is bounded on i? if a > 1 and \\Da\\ < 1. Moreover, it suffices 
to show that Di_ is bounded on E for every n G N. 

Fix n G N, let / £ E+ and let /i, 1 < i < n, be mutually disjoint functions 
having the same distribution function as /. Then Di_f and X]i=i /« have the same 
distribution function. Indeed, 

X{t e IR+ : {D^f){t) >v) = nX{t e M+ : f{t) > v) 



J2KteR+ : /.(i)>«) 



(2) - x(teR+ : ^/.(i) 



> V 

Since E is symmetric it follows that -Dj./ G E. Moreover, by Theorem 12.11 there 
exists some c > and < p < 1 such that 

n ^ 1. 

(3) \\DU\\E^\\Y.f.\\<c(Y,UrEY=cni\\f\\E. 

''^ W WE ^ ^ 

1=1 i=l 

From the above it is clear that a H> ||Do|| is decreasing and, since Dab — DaD^ if 
a < b, submultiplicative. D 

Define the lower Boyd index pe of E by 

logs 



Pe — lim 



\og\\Di 

and the upper Boyd index qe of E by 

logs 



qe ^ lim 



sio log II Dill 

By the Aoki-Rolcwicz theorem E admits an equivalent p-norni for some < p < 1 
and, as observed in ^, for every ri > 1 we have 

\\D±f\\E<n^\\f\\E 
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and therefore p < pe- In particular we have < pe < Qb < cxd and if i? is a 
symmetric Banach function space then 1 < pe < qs < oo. One may show that the 
Boyd indices can alternatively be expressed as 



(4) 
and 



PE = snp[p>0: 3c>0V0<a<l ||Da/||B < cfl-in/iu} 



qE = inf[q>0: 3c> Va > 1 pa/b < cfl-^ ||/||i;}. 

We shall need the following duality for Boyd indices (see [2l|, Theorem II. 4. 11). If 
E is a symmetric Banach function space with Fatou norm, then 

(5) 1 1 _ 1 1 



PE qE" 



1, 



1. 



Pe^ 



qE 



2.2. Convexity and concavity. Let < p,q < oo. A symmetric quasi-Banach 
function space E is said to be p- convex if there exists a constant C > such that 
for any finite sequence (/i)f^i in E we have 



ri 1 n 1 

(E i/^i')'IL ^ ^(E ii/^ir^)" (if <p < ^) 



or, 



max I/, 

l<i<n 



< C max \\ft\\E (if P = oo). 

_ _ E l<i<n 

The least constant Af *^p) for which this inequality holds is called the p-convexity 
constant of E. 

A symmetric quasi-Banach function space E is said to be q-concave if there exists 
a constant C > such that for any finite sequence (/i)"^i in E we have 



n 

(E 11/^11^) 



<c||(i:i/,i^ 



1=1 



or. 



max Wfi 

l<t<n 



<c 



max I/, I 

l<i<n 



(if < g < oo), 



(if 9 



The least constant A/(g) for which this inequality holds is called the q-concavity 
constant of E. It is clear that every quasi-Banach function space is oo-concave 
with M(^ao} = 1 E^nd any Banach function space is 1-convex with Af '^^^ = 1. 

For 1 < r < oo, let the r-concavification and r-convexification of E be defined 

by 

£;(.) := {g e 5(0, a) : \g\i e E}, |i.g|U,^, = || Igl^f^, 
E(^^ := {geS{0,a): {g^ e E}, ||5lls(w = II Isrill, 

respectively. As is shown in [22| (p. 53), if i? is a Banach function space, then E'^^^ 

is a Banach function space. In general, Erj,\ is only a quasi-Banach function space. 

Using that /x(|/|^) = m(/)^ for any / £ 5'(M+) and < s < oo, one sees that E^""^ 

and £'(r) are symmetric if ii^ is symmetric. From the definitions one easily shows 

that if E is p-convex and q-concave for < p < q < oo, then E^^' is pr-convex and 

gr-concave and Erj,\ is ^-convex and ^-concave. It is also clear from the definitions 

that 

1 1 



PE,,., 



-PE, qE,, 

r * 



-qs, PEi-) 

r 



rpE, qE(-) = rqE- 



We conclude this section by discussing two concrete classes of symmetric quasi- 
Banach function spaces in more detail. 
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Example 2.1. (Lorentz spaces L^'') Let < p,q < oo. The Lorentz space L^''' is 
the subspace of all / in 5(R+) such that 

1 ^^Po<t<oot^Mf) (g = oo), 

is finite, li l<q<p<oo or p^q = oo, then L^'^ is a fully symmetric Banach 
function space. If 1 < p < oo and p < q then U'-'^ can be equivalently renormed to 
become a fully symmetric Banach function space ([3|, Theorem 4.6). However, in 
general L^^'^ is only a symmetric quasi-Banach function space [18[. By the monotone 
convergence theorem, L^'^ has the Fatou property. Its Boyd indices are determined 
by the first exponent, plv.i = qLp-i = P- The Lorentz space L^'P coincides with the 
Lebesgue space L^. The spaces LP'°° are referred to as weak L^ -spaces. 

Example 2.2. (Orlicz spaces) Let $ : [0, oo) -^ [0, oo] be a Young's function, i.e., a 
convex, continuous and increasing function satisfying $(0) = and limt_j.oo ^(0 = 
oo. The Orlicz space L$ is the subspace of all / in 5'(M+) such that for some A: > 0, 

. k 

If we equip L$ with the Luxemburg norm 



„ *m-<- 



ll/IU, =inf{fc>0 : p<^{\M.yt<l], 

then L$ is a symmetric Banach function space with the Fatou property [3|, |22| . The 
Boyd indices of L$ can be computed in terms of $. Indeed, let 

AU{t) ==sup-— — , 

and define the Matuszewska-Orlicz indices by 

^. logA/$(i) logAf$(i) 

p$ = lim — , 5$ = lim — ; . 

tio logi *-s-oo logi 

One can show that p$ = p^^ and <?$ = ^l^ , see e.g. the proof of [25!], Theorem 4.2. 
For our discussion of $-moment inequalities we will need the following results on 
Orlicz functions. We say that an Orlicz function satisfies the global A2-condition if 
for some constant C > 0, 

(6) $(2i) < C<P{t) (t > 0). 

Under this condition we have, for any a > 0, 

*(ai) ^a,* Ht) i* > 0)- 

One can show (^25|, Theorem 3.2(b)) that © is equivalent to the assumption 
g$ < oo, which in turn holds if and only if 

Finally, we shall use the following characterization of Boyd's indices for Orlicz 
spaces ([25|, Theorem 6.4): 

Pi = sup (p > : / s-P^s)— = Oit-P^{t)) Vt > o|, 
(8) ^ Jo ^ J 

inf|g>0 : / s-«$(s)— = 0(t-'?$(t)) Vt > OJ. 



g* 



We refer to [3|, |2l|, [22 1 for many more concrete examples of symmetric quasi- 
Banach function spaces. 
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3. Characterization of Marcinkiewicz weak type operators 

In this section we establish a key observation, which essentially reduces the proof 
of Boyd's theorem and its vector- valued and noncommutative extensions to proving 
a certain inequality for distribution functions, which is stated in Leniina l3. 71 below. 
This observation moreover leads to a characterization of the subconvex operators 
which are simultaneously of weak types {p,p) and {q,q), see Theorem 13.81 

For < p,q < oo we define the functions (j)q,^p, Op^q : R+ -^ R+ by 

<liq{t)^t--^X{o.i){t) (^>0); 
V'pW=i"^X(i,oo)W (i>0); 

Op,q{t) ^ ijp{t) + ^q{t) (t>0). 

Here it is understood that (/)oo = X(o,i)- Corresponding to these functions we define 
three linear operators $g,^p,6p,q : S'(R+) -^ S{R+ x M+) by 

The following observation is a reformulation of [7|, Lemma 4.3. 

Lemma 3.1. Let E be a symmetric quasi-Banach function space on IR4- and let 
< q < 00. If qs < q, then $q is bounded from -E(M+) into £'(M+ x R+). 
Conversely, if $g is bounded then qE ^ q- 

Clearly $00 is an isometry from £'(R+) into £'(R+ x R+) for every symmetric 
quasi-Banach function space E. 

The corresponding result for the lower Boyd index reads as follows. In the proof 
and later on, we use XA to denote the indicator of a set A. 

Lemma 3.2. Let E be a symmetric quasi-Banach function space on R+ and let 
< p < 00. If p < pe, then V&p is bounded from £'(R_|_) into i?(R+ x R+). 
Conversely, if'^p is bounded then p <pe- 

Proof. Fix p < po < Pe- It clearly suffices to prove 

(9) ll/«)'0plU(R+xR+) <Cp,b||/|U(r^), 

for any / G E+. Observe that /x(2",2"+i] has the same distribution on R+ x R+ as 
D2-nf on R+. Hence, 



n=0 



B(R+xR+) 

£;(R+xR+) 



00 

< c(^2-l?||/(s)x(2.,2"+i](i)ll^, 

CXj 

= C(^2-^p2-"/llB(R 

where C and < r < 1 are as in ((1]). By Q, there is some constant Cp„ > such 
that 

\\Du\\<Cp,u-^ (0<u<l). 
Hence, 



ll/(s)^ HIb(r+xr+) < cCpo(^2 "'''2™||/||^(R^) 

^P,E ||/||b(R+), 



as ^ - i < 0. 

Po P 
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For the second assertion, notice first that iJ,{Ds{f)) = Dsnif) for all < s < oo 
and f E E. Therefore, it suffices to show that there is a constant c > such that 
for all < s < 1 and / G _E+ we have ||_Ds/||£; < cs^p ||/||b- If 1 < a < oo, then 

ll/(s)^"'^IU(R+xR+) > ||/(s)t"^X(a,2a]WIU(R+xR+) 

> ||/(s)(2a)"PX(a,2a]WIU(R+xR+) 

— - — - 
= 2 Pfl H|-Da-i/llB(R+), 

where we use that fx{a.2a] has the same distribution on M+ x M-|_ as Dg^-if on R+. 
By © we arrive at 

\\Da-^f\\E < 2ia5||/® Vplb <P,E a^WfllE- 
Since this holds for any 1 < a < cxd, we conclude that p < pe- D 

As a result of Lemmas 13.11 and [3 . 2 1 we find the following novel expressions for Boyd's 
indices: 

PE^snp{p>0 : 3C>OV/g^||*p(/)||b(m^xr+)<C7||/|U(k^)} 

qE^mi{q>0 : 3C> V/ £ i? ||$,(/)|U(r^xr^) < C||/|U(r^)}. 

Moreover, we have the following result. 

Corollary 3.3. Let < p < q < oo and let E be a symmetric quasi-Banach 
function space on M_|_. If p < Pe ^ qE < q, then Qp^q is bounded from £'(R_|_) into 
^+ X ]R_|_). Conversely, if Op.q is bounded, then p < pE < qE ^ q- 



We now compute the distribution function of $g(/), ^p(/) and Qp^q{f). The first 
was already done in 7], Lemma 4.4. 

Lemma 3.4. Let < q < oo. If f ^ S'(M+), then for every v > 0, 
d{v;<i>q{f))= f fMYds + divJ) 

J{f<v} ^ V / 

and 

d{v;<^oo{f))^d{vJ). 

Lemma 3.5. Let < p < oo and f G S'(M+). // d{v; f) < oo, then 
d{v;^p{f))= f (MYds-divJ). 

J{f>v} ^ V J 

Proof. Using a change of variable, 

A{(s,i)eK+xIR+ : /(s)7Ap(t) > v} 

/OO 
X(s GM+ : fis)t~p > vjdt 

x(s eR+ : =!-^ > t^\dt 



Xise 



/(^) 



V 



> u ) pu^ du 



LP( 



/G^ 







A(seM+ : :!-^ > u)puP-^du. 



Observe that 

r-l 



f{s) 







X(s e R+ : :!-^ > u\puP~^du 
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A('seR+ : min ^:!-^,l\ > u\puP'^ 



du 





min{«-V,l}|li.(» ) = / i^-^Xds + d{v-fl 

J{f<v} ^ " ^ 



'fis)V, 



which gives the conclusion. D 

Corollary 3.6. Let < p.q < oo. If f G S{R+), then for any v > 0, 

(10) d{v;QpM))^ f (^Yds+ f (l^Yds 

J{f>v} ^ V J J{f<v} ^ V J 



and 

(11) d{v-%,uf))^l i—Y 

J{f>v} V V ) 



ds. 



Proof. Since f <E) (f>q and f <E) ipp have disjoint supports we have d{v;^q{f)) + 
d{v;'^p{f)) = d(u;ep,g(/)). Therefore, if d{v; f) < cx), then ^ and (HH) follow 
immediately from Lemmas 13.41 and 13.51 On the other hand, for any v > 

d{v; f) < d{v;^,{f)) < d{v;ep^g{f)) 

and 

div;f)<f (M)V 

J{f>v} V V J 

Hence, if d{v; f) = cx), then both sides of p^ and (|lip are equal to cxi. D 

Lemma 3.7. Let E be a symmetric quasi-Banach function space on M_|-. Let a > 
and f € E+ . Suppose that either p<pE<qE<q<oo or p < pE and q = oo and 
g € S'(M+) satisfies 

(12) d{av;g)<div;ep,J) (t- > 0). 

Then g (z E and 

\\g\\E<a\\epJ \\f\\E. 

Proof. We take right continuous inverses in (IT^ to obtain 

Mt(g)<aMt(ep,,/) (t>0). 
As E is symmetric, it follows from Corollary 13.31 that g G E and moreover, 

||5lU<a||ep,J|U(M^xK+)<a||ej,,,|| \\f\\E. 

n 

The following result is reminiscent of Calderon's characterization of weak type 
operators (see Theorem I A. II for a noncommutative extension). 

Theorem 3.8. Let < p < q < oo. A subconvex operator T : LP(M+)+ + 
L'^(R-l-)+ — > S'(M+) is simultaneously of Marcinkiewicz weak type {p,p) and {q,q), 
i.e., 

(13) r/||L^.»(R+) < ail/IlL- (/eL'-(M+)+,r = p,g) 
if and only if there is some a > such that for all f G S'(]R4.), 

(14) d[av-Tf)<d[v-%,q[f)) [v>0). 
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Proof. Suppose that ([T^ holds and fix w > 0. We may assume that d{v; 6p,<j(/)) < 
oo, for otherwise there is nothing to prove. By Corollary 13.31 it follows that 
fX{f>v} G LP{R+) and fx{f<v} e i''(R+). If Cp,q = max{Cp,CJ, then by 
subconvexity, 

di2Cp,gV; Tf) < d{2Cp,gV; ir(2/x{/<„}) + ir(2/x{/>„})) 

< d{2Cp,gV; T{2fx{f<.})) + d{2Cp,gV; r(2/x{/>.})). 

By (HSl) and Corollary [SH 

d{2Cp,gV;Tf) 

< (2Cp,,«)-^q||2/x{/<„}||i,(R^) + {2Cp^,v)-PCPp\\2fx{f>r}\\l,^^^^ 

<d{v-%^J). 

Suppose now that ([H]) holds. If q < oo, then by Corollary [ 



d{av- Tf) < d{v- epM)) - / v-'fisyds + / v-Pfis)Pds. 

J{f<v} Jlfyv} 

Since p < q we have 

{v''frx{f>v} < iv-'fyX{f>v}, {v-'fYX{f<v} < {v''lYx{f<v} 

and therefore, 

d(aw;r/) < w"''||/IIl'-(e+) ir^P,q)- 

On the other hand, if g = cxd, then it is clear that 

d{av; Tf) < d{v- QpMf)) = / v-Pf{s)Pds < v-P\\f\\l,^^_^y 

•'{f>v} 

Moreover, for any v > we have 

d{av;T{fx{f<v})) =0. 
Applying this for u = ||/||oo yields 

T/<a||/||oo a.e. 
This completes the proof. D 

The following result shows that inequality (J12p also implies $-moment inequali- 
ties. 

Lemma 3.9. Let $ be an Orlicz function on R+ which satisfies the global A2- 
condition. Let a > and f G (L$)+. Suppose that either p < p,j, < q^ < q < 00 or 
p < p^ and q — 00 and g G S'(M+) satisfies il2\) . Then g £ L$ and 

(15) / mg{t)\)dt<^ / ^f{t))dt. 

Jo Ja 

Proof. Suppose that q^ < q < 00. Let A/ denote the pull-back measure on R^. 
associated with / and A. By corollarv 13.61 we can rewrite ([T^ as 

d{av;g)<v~'^ t''dXf{t)+v-P t^dXfit). 

Jo Jv 

Integrating with respect to $ and using Fubini's theorem yields 

^Mt)\) dt 

nOO nV /-CXD /-OO 

<* / v-'^ / t'^d\f{t)d^{v) + v-P tPdXf{t)d<^{v) 

Jo Jo Jo Jv 

/ v-H'id^{v)d\f{t)+ v'~PtPd^{v)dXf{t). 

Jt Jo Jo 
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By dZD and ©, we find 

v~''d<P{v)<^ v~'J^v)—<^t-'i^{t). 

t Jt V 

Similarly, 

ft 
v-^d^iv) <$ t-P^{t). 
/o 
We conclude that 

nW)\)dt<^ <^{t)d\f{t)= Hf{t))dt. 
10 Jo Jo 

The statement for g = oo is proved analogously. D 

Remark 3.10. From the presented proof it is clear that the result in Lemma \3.9l 
and hence the ^-moment inequalities discussed below, remain valid if $ is non- 
convex, provided that it satisfies ^ and ^, andp^,q^ are understood as in (^. 
It should be noted that in this case i$ is in general no longer a quasi-Banach space. 

4. Vector- VALUED Boyd interpolation theorem 

For any symmetric quasi-Banach function space E on R+ and any quasi-Banach 
space X we let _E(K+; X) be the quasi-Banach space of strongly measurable func- 
tions / : R+ — > X such that 

ll/IU(R+;X) := II ||/||x||b(r+) < oo. 
The following result gives a vector- valued extension of Boyd's interpolation theorem. 

Theorem 4.1. Let E be a symmetric quasi-Banach function space on M_|_. Let 
X,Y be Banach spaces. Suppose that < p < q < oo and let T : i^(M_|_;X) + 
L'^{M.-^-; X) -^ S{R^;Y) be a linear map such that for some constants Cp,Cq > 
depending only on p and q, respectively, 

(16) ||T/|U.,o.(R^^y)<a||/||L.-(K+;X) {feL^{R+;X),r^p,q). 
If p < Pe < qE < q < oo or p < pE and q — oo, then 

(17) \\Tf\\EiM^;Y) < 2ma^{Cp,Cg}\\QpJ ||/|U(r^;X) (/ £ E{R+;X)). 

Proof. We may assume that max{Cp,Cg} < 1. Let / G E{R.+ ;X). By Lemma [3771 
it suffices to show that 

d{2v;\\Tf\\Y)<d{v;QpJf\\x) (v > 0). 

Fix V > such that (i(w; 0p_q||/||x) < oo. From Corollarv 13.61 it follows that 
fX{\\fU>v} e LP{R+;X) and /x{||/||,<„} £ L^{R+). By m we obtain 

d{2v:, \\Tf\\y) < d{v; r(/X{||/|U<.})ll^) + d{v:. ||T(/x{||/|u,>„})||v) 

= d{v;epjf\\x), 
where the final equality follows from Corollarv l3.6l D 

Clearly Theorem 14.11 continues to hold if X and Y are quasi-Banach spaces, with 
a different constant in (fT7|) . 

Remark 4.2. Suppose that S is a measure space which is either non-atomic or 
purely atomic with all atoms having equal measure. By the representation theorem 
of W. Luxemburg (see e.g. jjj/, Theorem 4-10), any symmetric Banach function 
space on S with Fatou norm can be represented by a (not necessarily unique) Banach 
function space E on R+, in the sense that \\f\\E = ||m(/)I|£; for all f Cz E. The 
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proof of Theorem \4-l\ shows that, using Luxemburg 's representation, this result can 
be applied to this larger class of symmetric Banach function spaces. 

Remark 4.3. Theorem \4-l[ or in fact an extension of it to general weak type 
operators, can also be derived from the scalar-valued Boyd interpolation theorem 
using the following simple trick contained in the proof of ^J, Lemma L Suppose 
thatT : LP^i(]R+;X) + L'?'i(R+;X) -^ S{R+;Y) satisfies 

l|T/|U.oo(R^^^)<a||/|U.,i(M+;jf) (/Gi'-'i(M+;X), r=p,q). 

For a fixed f set k{f) = {f /\\f\\x)X{f^Q} '^^d, define the sublinear operator 

Sg^\\T{gk{f))\\y (.9eLP-i(R+)+i«'i(R+)). 

Since \\k{f)\\x = 1, it follows that 

\\Sg\\L-.--(R+) <Cr\\gk{f)\\Lr.n^^.x) = Cr\\g\\L--^tL+) (5 e i'''^(]R+), r^p,q) 

and hence by the scalar-valued Boyd interpolation theorem, 

\\Sg\\E<E\\g\\E igeE). 

Taking g = \\f\\x yields the result. 

By following the proof of Theoreni l4.1l and using Lenima [?751 instead of Lemma [5771 
we obtain the following interpolation theorem involving Orlicz functions. In the 



scalar- valued case this result can already be found in Zygmund's paper ( 3J|, The- 
orem 2). 

Theorem 4.4. Lei $ be an Orlicz function on R-^- satisfying the global A2- condition. 
Let {A, A, v) be a a-finite measure space and let X, Y be Banach spaces. Suppose 
that < p < q < 00 and let T : L'p{A\ X) + L''{A\ X) -^ S{A\ Y) be a linear map 
such that 

\\Tf\W.^(A-y)<Cr\\f\WiA;X) {feL-{A;X), r=p,q). 
If p < p<s, < q<s> < q, then 



mTf\\Y)di^<^ / H\\f\\x)du ifeL^iA;X)). 

A J A 

Proof It suffices to consider the case where A ~ M_|_. Indeed, if / G S{A), then 

fmf\)diy=f ^itmf\))dt^ f ^titif))dt. 

J A JR+ JR+ 

By the argument in the proof of Theorem 14.11 we have, with Cp^q — max{Cp, Cg}, 

d{2Cp,qV; ||T/||y) < d{v; Qpjf\\x) {v > 0). 
The conclusion now follows from Lemma 13.91 D 



To give the flavour of Theorems 14.11 and 14. 4[ we present a single application of 
these results. It is a well-known and celebrated result (see e.g. [5J, Theorem 9) that 
a Banach space X is a UMD space if and only if the X-valued Hilbert transform 
Hx is bounded on LP(R; X) for some (then any) 1 < p < 00. The following result 
is therefore an immediate consequence of Theorems 14.11 and 14.41 and Remark 14.21 



Corollary 4.5. For any Banach space X the following are equivalent: 

(a) X is a UMD space; 

(b) The X -valued Hilbert transform is bounded on E(M.; X), for any symmetric 
Banach function space E onM. with Fatou norm and 1 < pe < ^b < 00; 

(c) For any Orlicz function on IR+ satisfying ^ and 1 < p$ < (7$ < 00, 

*(||i^x(/)|U)d<<* f m\f\\x)dt ifeL^iR;X)). 
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5. NONCOMMUTATIVE BOYD INTERPOLATION THEOREMS 

In this section we prove a noncommutative version of Boyd's theorem, Theo- 
rem 15.81 below. We first recah some terminology and preliminary results for non- 
commutative symmetric spaces. Let A^ be a semi-finite von Neumann algebra 
acting on a complex Hilbert space iJ, which is equipped with a normal, semi-finite, 
faithful trace r. The distribution function of a closed, densely defined operator x 
on H, which is affiliated with A4, is given by 

d(w;a;) = T(e'^'(w,oo)) (w > 0), 

where e'^' is the spectral measure of |a:;|. The decreasing rearrangement of x is 
defined by 

Htix)=mi{v>0 : d{v;x)<t} (i > 0). 

We say that x is T-measurable if d{v; a;) < oo for some v > 0. We let S{t) be 
the linear space of all r-measurable operators, which is a metrizable, complete 
topological ^-algebra with respect to the measure topology. We denote by So{t) 
the linear subspace of all x G S{t) such that d{v; x) < oo for all v > 0. One can 
introduce a partial order on the linear subspace S{T)fi of all self-adjoint operators 
in S{t) by setting, for a self-adjoint operator x, 

a; > if and only if {x^, ^)h > for all ^ G D{x), 

where D{x) is the domain of x in H. We write x < y ioi x,y € S{T)h if and only 
ii y — X > 0. Under this partial ordering S{T)h is a partially ordered vector space. 
Let S{t)+ denote the positive cone of all x G S{T)h satisfying a; > 0. It can be 
shown that ^(t)^ is closed with respect to the measure topology (11], Proposition 

1-4). 

Throughout our exposition, we will tacitly use many properties of distribution 
functions and decreasing rearrangements. For the convenience of the reader we 
collect these facts in the following two propositions. The first result is essentially 
contained in the proof of [28[, Theorem 1. 

Proposition 5.1. Ifx,y<E S{t), then: 

(a) d{v; x) = d{v; pl(x)) for all v > 0; 

(b) d{v + w; X + y) < d{v; x) + d{w; y) for all v,w > 0; 

(c) if \x\ < \y\ then d{v; x) < d{v; y) for all u > 0. 

The following properties of decreasing rearrangements can be found in [13j . If p is 
a projection in M, then we let p-^ :=\ — p denote its orthogonal complement. 

Proposition 5.2. Ifx,y G S{t), then: 

(a) /it (Ace) = |A|/it(a;) for all X ^ C and t > 0; 

(b) Hs+tix + y) < ^is{x) + fJ'tiy) for all s,t > 0; 

(c) if \x\ < \y\ then fit{x) < fitiy) for all t > 0; 

(d) fXtiuxv) < \\u\\ Utix) \\y\\ for all u,v G A4 and t > 0; 

//e = el^l(w, oo), then 

(e) ^J.t{\x\e) = f^t{x)xio,T{e)){t) for all t > 

(f) fj.t{\x\e^) = iJ.t+T{e){x) for all t>{), provided T(e) < oo. 

Finally, suppose that : [0, oo) — >■ [0, cxd) is an increasing function which is left- 
continuous on (0, oo) and satisfies 0(0) — 0. // we define 0(oo) :— limt_j.oo 0(i), 
then 

(g) lJ-i<P{\x\)) = HKx)) on [0,oo). 



14 SJOERD DIRKSEN 

For a symmetric (quasi-)Banach function space E on M+, we define 

E{M,T):^{xeSiT): ||/i(a;)||B < oo}. 
We usually denote E{M,t) by E{M) for brevity. The following fundamental result 



is proved in [20j, Theorem 8.11 (see also [ll|,|33| for earlier proofs of this result under 
additional assumptions) . 

Theorem 5.3. If E is a symmetric (quasi- )Banach Junction space E on R_|- which 
is p-convex for some < p < cx), then E(A4) defines a p-convex (quasi- )Banach 
space under the (quasi-)norm \\x\\e(m) ■= IIm(2^)II-E- The space E{M) is continu- 
ously embedded in S{t) with respect to the measure topology. 

We call E{A4) the noncommutative ( quasi- )Banach function space associated with 
E and M. Using the construction above, we obtain noncommutative versions of 
many important spaces in analysis, such as L^-spaces, weak L^-spaces, Lorcntz 
spaces and Orlicz spaces. For more details on measurable operators we refer to 
lla Il3l |28| and for the theory of noncommutative symmetric spaces to [9|, [lOl, llll 

We will now proceed to prove the noncommutative version of Boyd's theorem. 
We first show that the noncommutative symmetric space E{M.) is intermediate for 
the couple {L^ [M.) , L'' {J\A)) ii p < pe ^ Qe < q, using the following observation. 

Lemma 5.4. Let < p < q < oo and let E be a symmetric quasi-Banach function 
space M_|_ which is r-convex for some < r < cx). // E(Ai) C LP{M) + L'^{A4), 
then 

l|a;|U(A4) ^p,q.E \\x\\lp{m)+L'>{m) {x e E{M)). 

Proof. By Theorem 12.11 there exists an equivalent s-norm on E{A4) for some < 
s < 1. Suppose the assertion is not true. Then there exist Xn £ E{Ai)+ such that 
lla;„||£;(Ai) < 1, but \\xn\\LPiM)-i-L<i{M) > n^^""^^ for all n> \. By completeness 
it follows that X]n>i "-"^^^^n converges in E(M) to some x e E{M)^ and since 
E{M) C LP(7W) + L'?(7W) we have a: G (LP(7W) + L9(A^)) + . But n-^/'^j;^ < x and 
so n < n-'^l %Xn\Lv(M)+Li{M) < \\x\\lp{m)+li{m)i a Contradiction. D 

Lemma 5.5. Let < p < q < oo and let E be a symmetric quasi-Banach function 
space K.+ which is r-convex for some < r < oo. If < p < pe and either 
qs < q < oo or q — oo, then for every semi-finite von Neumann algebra Ai 

LP{M) n L^M) C E{M) C LP{M) + L^M), 

with continuous inclusions. 

Proof. If X e E{A4), then by Corollarv 13.31 we have Qpq^{x) G E and hence 
d{v; Qp^qfi{x)) < oo for some v > 0. If e„ = el^l[0, v], then by Proposition l5.2l 

\\^(^v\\l,,M) = / M^ydt, \\xev\\lp(M) = / Mxfdt. 

^ ' JMx)<v} ^ ' JMx)>v} 

It therefore follows from Corollarv 13. 61 that 

w"''||a;e„|ll,,(_vi) + w~^||a;e^|lip(^) = d{v; Qp^qfiix)) < oo. 

Hence x e LP (M) + L"} (M) . By Lemma [Ql this implies that E{M) C LP{M) + 
L'^{M) continuously. 

Suppose now that q = oo. Pick v > such that d{v: Op^oofJ-ix)) < oo. Then 
XBv G M and xe^ G LP{M) since by Proposition 15. 21 and Corollarv 13.61 

v~P\\xe:^\\P^p,j^.^v^P / fit{x)Pdt^d{v;Qp^aoK^))- 
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By Lemma [^m we conclude that E{M) embeds continuously into LP{M) + M. 

The first inclusion is immediate from the commutative case (see e.g. [22], Propo- 
sition 2.b.3), as {LP n L«)(X) = Lp{M) n i«(X). D 

To formulate our main result the following definition is convenient. 

Definition 5.6. Let A4 and Af be von Neumann algebras equipped with normal, 
semi-finite, faithful traces r and a, respectively. Let D be a convex subset of S(t). 
A map T : D —^ S{a)h is called midpoint convex if 

T{\x + \y)<\T{x) + \T{y) 

for all x,y Cz D. A map U : D -^ S{a) is called midpoint subconvex if for every 
x,y ^ D there exist partial isometrics u,v ^ Af such that 

\U{^x + iy)| < lu*\Ux\u + ^v*\Uy\v. 

It is a well-known fact (see e.g. il3|, Lemma 4.3) that for any x,y & S{a) there are 
partial isometrics u,v € J\f such that 

|2; + J/| < u* \x\u + V* \y\v . 

Therefore, any linear map is (midpoint) subconvex. 
For further reference we state Chebyshev's inequality. 

Lemma 5.7. (Chebyshev's inequality) Let < q < oo. If x ^ L^{M.), then 
d(v■x)<v-^x\\l,^J^^ («>0). 

For any < r < cxd, 

(18) l|a;||L-.°°(A4) = supi"^t(x) = supw d{v\x)~ , 

t>0 v>0 

so Chebyshev's inequality implies that L'^{Ai) C L'^'°°{M) contractively. 

Theorem 5.8. Let E be a symmetric quasi-Banach function space on R+ which is 
s- convex for some < s < oo. Let M,Af be von Neumann algebras equipped with 
normal, semi-finite, faithful traces r and a, respectively. Suppose that < p < q < 
oo and let T : i^(A^)_|_ + L'^{Ai)+ — )■ S{a) be a midpoint subconvex map such that 
for some constants Cp, Cq > depending only on p and q, respectively, 

(19) \\Tx\\L^...^M)<Cr\\x\\L^^M) ixeL-{M)+, r^p,q). 
If p < Pe < qE < Q < oo or p < pE and q — oo, then 

\\Tx\\Ei^) < 2||ep,gll max{Cp, CJ \\x\\e(m) (x G E{M)+). 

The same result holds if T : LP{Ai)+ + L'^{M.)-\- — > S{a)h is a midpoint convex 
map satisfying hl9jl . 

Proof. We may assume that max{Cp,Cg} < 1. By Lemma [5.51 T is well-defined 
on E{M.)+. Let x G E{M.)j^ and let e^ = e'^[0,'y]. By midpoint subconvex- 
ity, there exist partial isometrics ui,U2 G TV such that \Tx\ < ^uJ|T(2a;e„)|ui -I- 
iu^|T(2a;e^)|u2- It follows that 

d{2v;Tx) < d{v;^ul\T{2xe^)\ui) + d{v;lu*\T{2xe:l;)\u2) 

(20) < d{2v;T(2xey)) + di2v;T{2xe:l;)). 
Suppose first that qE < q < oo. By ^TE\\ and (|19p we have 

div-Ty)<v-^C;\\y\\l.^j^^ (v > 0, yeU{M)+, r=p,q). 
Therefore, 



d{2v;Tx)<max{C^^,CP}(^{2v)-''\\2xe4l,^j^^ + {2v)-P\\2xe. 



-LljP 

V \\lp{M) 
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and from Proposition 15 . 21 it follows that 






Therefore, by Corollary [ 

d{2v;Tx) < y-'i f fj.t{xy dt + y-P f fJ-tixYdt 

■'{fJ.{x)<v} J {ti{x)>v} 

= d{v;Qp^qfj,{x)). 

The result now follows from Lemma 13.71 using that d{v;Tx) = d{v; fj,(Tx)). 
Suppose now that q — oo. Then 

\\^ulT{2xey)ui\\L-^(j^) < Coo||a:e„||L^(^^) < v, 

so d{v; ^ulT{xey)ui) = 0. By (UHl) and ^ we have 

d{v;Ty) < v-PCP\\y\\l,^j^^ {v > 0, y e LP{M)+), 

and therefore (EOl) implies that 

di2v;Tx) < CP{2vrP\\2xei\\l,^j^^ 

< v~P I nt{x)''dt ^ d{v;Qp^ooKx))- 

J{fi{x)>v} 

Lemma 13.71 gives the conclusion. D 

It is clear from the proof of Theorem 15.81 that the same result holds for mid- 
point (sub) convex operators on LP{M)h + L'^{M)h or LP{M) + L'^{M) instead of 
LP{M)++L'i{M)+. 

The original version of Boyd's theorem allows for the interpolation of operators 
of weak-type {p,p), i.e., which are bounded from LP'^ into LP'°°. Theorem 15.81 
only applies for Marcinkiewicz weak type {p,p) operators. In Theorem IA.3I in the 
appendix we will show how to obtain a full noncommutative analogue of Boyd's 
theorem using a different approach. 

5.1. Interpolation of noncommutative probabilistic inequalities. To illus- 
trate the flexibility of the method used to prove Theorem l5.8l we modify it to inter- 
polate several noncommutative probabilistic inequalities. In particular we prove the 
dual version of Doob's maximal inequality in noncommutative symmetric spaces, 
see Corollarv 15 . 121 below. The latter result is a consequence of Theorem l5.101 which 
we will interpret in the following section as an interpolation result for operators on 
noncommutative /^-valued symmetric spaces. For its proof, we shall need the fol- 
lowing observation. 

Lemma 5.9. Let x G S{t)^. If e is a projection in M, then 

x < 2[exe + e xe ). 

Proof. By writing 

X ~ exe + e xe + exe + e xe , 
we see that the asserted inequality is equivalent to 

exe — e xe — exe + e xe > 0. 
But a; > 0, so 

exe — e xe — exe +e xe =(x^e~x^e ) [x^e~x^e j>0 
and the result follows. D 
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Theorem 5.10. Let E be a symmetric quasi-Banach function space on IR+ which 
is s- convex for some < s < oo. Let M,M he von Neumann algebras equipped with 
normal, semi-finite, faithful traces t and a, respectively. Suppose that < p < q < 
oo and for every k > 1 let Tk : L^(A^)+ + L''{M)+ — > 5(ct)+ be positive midpoint 
convex maps such that for some constants Cp,Cq > depending only on p and q, 
respectively, 



(21) \\J2n{xk) 



fc>i 



<cJVa;fc {xk e L''{M)+,k>l, r^p,q). 



If P < Pe 1^ Qe < Q < oo or p < pe and q — cxd, then for any sequence {xk)k>i in 
E{M)+, 



(22) 



^Tk{,Xk] 



k>l 



E{Af) "■"" ^ 11^^ \\e{m) 



where the sums converge in norm. 

Proof. We may assume Cp,Cq < 1. Suppose first that qs < q < oo. By complete- 
ness it suffices to prove P^ for a finite sequence {xk) in E{M)+. Set x = J2k -^fe- 
For any w > 0, let e„ = e^[0, w]. By Lemma [5^ and positivity and convexity of the 
Tk, 

X]^fc(a^fe) < ^Tk{2eyXke^ + 2e:^Xke^) 

k k 

< ^y^^Tki^CyXkey) + |y^Tfc(4e^a:fce^). 
fc fc 

Therefore, 

d(4v;^Tfe(xfc)) <d(4«;^Tfe(4e„a;fee„)) -f d(4z;; ^rfc(4ei^a;fce^)) . 



BydSID, 

d(^iv;Y,Tk{xk)) < (4t;)-«||^4e,a:fee, 



Li{M) 



{4v)-4j24eixkei 



p 



= v-i Utix^dt + v-P fitixfdt 

J {fj.{x)<v} J{fj.{x)>v} 

= d(v;Qp^q^i.{x)), 

where the final equality follows from Corollary 13.61 The result is now immediate 
from Lemma 13.71 The case q = oo follows analogously as in the proof of Theo- 
rem E3 □ 



As an application of Theorem 15.101 we can interpolate the following dual Doob 
inequality in noncommutative L^-spaces, due to M. Junge. 

Theorem 5.11. [15] Let M be a semi-finite von Neumann algebra and let {£k)k>i 
be an increasing sequence of conditional expectations in Ad. If I < p < cxd, then for 
any sequence {xk)k>i in LP{M)+, 



y^gfc(xfc) 



LP(M) II ^ \\Lr-'(M) 



Theorems 15.111 and 15.101 together yield the following extension. 

Corollary 5.12. Let E be a symmetric quasi-Banach function space on R+ which 
is s-convex for some < s < oo and let Ai be a semi-finite von Neumann algebra. 
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Let {£k)k>i be an increasing sequence of conditional expectations in Ai. // 1 < 
Pe < Qe < oo, then for any sequence {xk)k>i in E{^A)+, 

(23) \y^£k{xk) ^E^y^xA 

where the sums converge in norm. 

In 16], Theorem 7.1, it was shown that any conditional expectation £ is 'anti- 
bounded' for the LP-norm if < p < 1, i.e., 

(24) MLPiM)<2-\\£{^)\\LPiM) {xeM). 

Even though (j24p does not correspond to the boundedness of an operator, we can 
stih 'interpolate' this estimate. 

Proposition 5.13. Let M be a finite von Neumann algebra and let £ be a condi- 
tional expectation on Ad. If E is a symmetric quasi-Banach function space on K^. 
with qE <1, then 

\\x\\e(m) ^E \\£{x)\\e[m) {xeM). 

Proof. Let y — £{x) and for u > set e^ — e^[0,w]. As was remarked after 
Lemma [2. 2 [ we have p^ > and hence we can fix < p < pe- By Chebyshev's 
inequality and (j^ . 

d{2'+-^v-x) < v-^\2-ixe4l,^j^^+v-P\\2-^xei\\l,^j^^ 

< v~^£ixe,)\\l,^j^^+v-P\\£ixei)\\l,^j^^ 

= v-^\\£{x)eJl,^j^^+v-P\\£{x)eU\l.^j^) 



My^dt + v-p Myfdt 

= div:,ep,qfi{y)), 

where the final equality follows from Corollary 13.61 The conclusion now follows 
from Lemma 13.71 D 

The following result facilitates interpolation of noncommutative square function 
estimates. 

Theorem 5.14. Let E be a symmetric quasi-Banach function space on R+ which 
is s-convex for some < s < oo. Let A4,M be von Neumann algebras equipped 
with normal, semi-finite, faithful traces r and a, respectively. Suppose that < p < 
q < oo and for k > 1 let Tk : LP{A4) + L'^{M) — > S{a) be linear maps such that for 
some constants Cp,Cq > depending only on p and q, respectively, 

yTkixk) <Cr\\(y\xk\^Y {xkeL'-{M)+,k>l,r^p,q). 



" ^(^) 



If p < Pe < qE < q < oo or p < pE and q — oo, then for any finite sequence (xk) 
in E(M) 



Y^Tkixk) <2||ep,,||max{Cp,CJ 11 (^ 

^—^ E(N) II V ^—^ 



_B(A") " II V^^ 

fc>l ^ ' fc>l 



E{M} 



Proof. We may assume Cp,Cq < 1. Let x — {J2k>i l^feP)^ ^^"^ for w > define 

^v = G^[0, v]- Then, 

d{2v; y Tk{xk)) < d{v\ ^ Tk[xke^)) + d{v; ^ TkixkCy)). 



k>l fc>l A:>1 
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^v (15.141). 




fe>l k>l 


p 

LP{M) 


k>l 


P 
LP{M) 


= y-P [ fj.tixfdt + v"' 



+ 



^"1I(E 



fc>l 



El 

k>l 



Xj^Gy 



Xk\ 



q 

Li(M) 

1 

L<i{M) 



^Jit{xYdt 



J{ii{x)>v} J{p.[x)<v] 

The result now follows from Lemma 13.71 The case q = oo is similar. 



n 



As a corollary, we find the following version of Stein's inequality for noncommu- 
tative symmetric spaces, which will be needed in the proof of Theorem 17.21 below . 

Corollary 5.15. Let E be a symmetric quasi- Banach function space on K+ which 
is s-convex for some < s < oo and let M. be a semi-finite von Neumann algebra. 
Let {£k)k>i be an increasing sequence of conditional expectations in M.. If 1 < 
Pe ^ Qe < oo, then for any finite sequence (xk) in E{A4), 



(25) 



|(Ei^^(^^)i' 



fc>i 



<, 



E{M) 



El 

A;>1 



Xk\ 



Proof. Let Cki be the standard matrix units, let yk 



E{M) 

Xk ® Gfci and let Tk 



£k 



l-B{l^ 



Then (pS)) is equivalent to 

Tkiyk) 



fc>i 



<, 



E{M(^B{1^)) 



|(EM^)^ 



E(M0B{1^)) 



By [30|, Theorem 2.3, this inequality holds if E 
result follows immediately from Theorem 15. 141 



LP with 1 < p < oo. Hence, the 

D 



Further examples of probabilistic inequalities which can be interpolated using the 
presented method are given by the 'upper' noncommutative Khintchine inequalities, 
see 0, Theorem 4.1, and 8], Corollary 2.2. 



Remark 5.16. The results in Theorems \5.8[ [5.10\ and \5.14\ Corollaries \5.1'A and 
\5.15[ and Proposition \5.13\ all have an appropriate '^-moment version'. Indeed, 
these versions follow immediately by using Lemma \3. 9\ instead of Lemma \3.7\ in the 
proofs of the latter results. In particular, by following the proof of Theorem \5.8\ 
and taking Remark \3.10\ into account, we find an extension of [l], Theorem 2.1 for 
non-convex Orlicz functions. 

6. Interpolation of noncommutative maximal inequalities 

In this section we present a Boyd-type interpolation theorem for noncommutative 
maximal inequalities. To formulate maximal inequalities in noncommutative sym- 
metric spaces and their dual versions, we first introduce the two 'noncommutative 
vector-valued symmetric spaces' E{Ai; 1°^) and E{M.\ l^). We define these in anal- 
ogy with the noncommutative vector-valued L^-spaces LP{M;1°°) and LP{M.;1'^), 
which were introduced in 2,9] for hyperfinite von Neumann algebras, and considered 
in general in (151]. From now on, we let E' be a symmetric Banach function space 
onK+. 

We define E{M.\l°°) to be the space of all sequences x = {xk)k>i in E{J\A) for 
which there exist a, 6 G E^'^\M) and a bounded sequence y = {yk)k>i such that 

Xk = aykb (fc > 1). 



20 SJOERD DIRKSEN 

For X G E{M] /°°) we define 

(26) \\x\\e{M;1^) = infill all B(2)(A^) sup ||2/fe||oo||&||ij(2)(A^)}, 

fc>i 

where the infimum is taken over all possible factorizations of x as above. We can 
think of the quantity (PBl) as '|| supj,>2 Xk\\E(^M)\ even though supj.>i Xk need not 
be defined at all. 

We define E{M; l^) to be the space of all sequences x = {xk)k>i in E{M) which 
can be decomposed as 

Xk = Yl ^jk^:ik (^ ^ 1) 

for two families {ujk)j,k>i and {vjk)j,k>i in E'-'^'{M) satisfying 
J2^*3kUjk e E{M) and ^w*fcVjfc e E{M), 

j,k j.k 

where the series converge in norm. For x G E(Ai; l^) we define 



\x\\e{M;1^) = inf { Yl ^jk^^if' 



2 V-^ * 

/ ^ik^jk 

E(M)\\ ^-^ ^ 
j,k j,k 



E{M) 



}. 



where the infimum is taken over all decompositions of x as above. In what follows, 
we will mostly consider elements x = {xk)k>i G E{M.]l'^) for which Xfc > for all 
k. In this case, 

\ME(M;ir) ^\Yxk\ 

fe>l ^ ' 

The theory for the spaces E{A4; l°°) and E{A4; l2)ca,n be developed in full analogy 



with the special case E — L^ considered in [15|, [17|, |32]- In fact, most of the 



basic results follow verbatim as soon as we replace L^ by E, L^ hy E^ , where 
- + ^ = 1, and L^P by E^^^ in the proofs of these results. For example, the following 
observation is immediate. 

Theorem 6.1. If E is a symmetric Banach function space on R+, then E(A4] l°°) 
and E{A4; l^) are Banach spaces. 

Our strategy to prove a Boyd-type interpolation theorem for maximal inequalities 
is to dualize Theorem 15.101 which can be viewed as a Boyd-type interpolation 
theorem for /^-valued noncommutative symmetric spaces. We shall need the duality 
stated in Theorem 16.31 below. T he p roof is essentially an adaptation of the Hahn- 



Banach separation argument in [15|, Proposition 3.6 (see also_|[32l] . Theorem 4.11) 
to our context. We need the following observation, proved in [llj. Theorem 5.6 and 
p. 745. 



Theorem 6.2. If E is a separable symmetric Banach function space on K+, then 
E{A4)* — E^{j\4) isometrically, with associated duality bracket given by 

{x, y) = T{xy) {x e E(M), y ^ E"" {M)). 

Below we will implicitly use the trace property a number of times, i.e., we will 
use that if x, y G S{t) arc such that xy,yx G L^{Ai), then T{xy) — T{yx). In 
particular this holds if a; G E{M) and y e E" (M). 

Theorem 6.3. Let M. be a semi-finite von Neumann algebra and let E be a sepa- 
rable symmetric Banach function space on M+. If y = (yk) £ i?^(A^;/°°) satisfies 
Vk > for all k, then 

(27) ||2/||ijx(^.,oo) =sup| VT(a;fc2/fc) : x^ G ^(X)+, lly'ajfcl < ij- 

fc>i "fe>i "^(-^^ ^ 
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Proof. Wc let 5* denote the supremum on the right hand side of (P?]). Let yk = azkb 
with a, 6 G {E^)'^^\^A) and Zk & ^A with ||zfc||oo < 1 and let (xk) be a sequence in 
E{M)+. By Holder's inequality, 

v^ v^ v^ - - 

T(xkyk) = 2_^T{xkazkb) ^ 2_^T{bxlxlazk) 



k k 



< 



< 



k 

T{bxkb*)j ( y^r(a*a;fca) 



E 

k 



< ll^ll(_Ex)(2)(^) y. Xk\\ \\a\\f^Ex)C^) (M)- 

II ^ iih{M) 

We conclude that S < \\y\\E>^(M:i°°)- 

Suppose now that 5 = 1, we will show that ||2/||£;x(a^;/°°) < 1- Under this 
assumption, we have for any finite sequence x — (xk) in E(Ai)+, 

(28) E-(^^2^fc)^||E^4i.(^)- 

k k 

Let K ~ {s E E^{M)+ : ||s||_bx(;k) < 1}, equipped with the weak* topology 
of E{M)*. Since E^ (M) is isometrically isomorphic to E{M)* by Theorem 16.21 
and E^{Ai)+ is weak* closed in E^{M-), we conclude that K is compact by the 
Banach-Alaoglu theorem. Moreover, 

\\w\\EiM) = sup t{ws) {w e E{M)+). 

sGK 

For any finite sequence x as above we define 

fx{s) = ^ T{xkS) - ^ T{xkyk)- 
k k 

Clearly fx is a real- valued continuous function on K and from (pS)) it follows that 
suPsgx fx{s) > 0. Let A be the subset of C{K) consisting of all fx, where x = {xk) 
is a finite sequence in E{M.)+. Then A is a cone in C{K). Indeed, if A > then 
^fx — f\x- Moreover, if x,x are finite families in E{M), then fx + fx can be 
realized as fx+x, since without loss of generality we may assume that x is to the 
right of the finite family x. Observe that A is disjoint from the cone A_ — {g € 
C{K) : supg < 0}. By the Hahn-Banach separation theorem, there exists a real 
Borel measure jjl on K and a G R such that for all / S A and g G A^ , 

gdji < a < f d/i. 
K Jk 

Note that a = 0, as both A and A_ are cones. If i? is a Borel subset, then we can 

find a sequence (gi) in A_ such that g„ f —Xb- This shows that fi must be positive, 

and by normalization we may assume that fi is a probability measure. Hence, for 

all fc > 1, we have 

(29) rixyk) < I T{xs)dti{s) (x e E{M)+). 

JK 

Define a positive operator by 

a = / sdii{s). 
Jk 

Clearly a E K, so a G E^{Ai)+ and ||a||_Ex(7^) < 1. By (|29l) and normality of r, 

T{xyk) < T{xa) {x e E{M)+). 



22 SJOERD DIRKSEN 

This implies that yk "£ o, and therefore we find a contraction Uk G M such that 

- 1 11 

Vk ~ '^kd'^ ■ -l-^ particular, yk = a^u^Uka^ and hence 

\\y\\Ey{M;l^) < \\a\\ExiM) < 1- 

This completes the proof. D 

Remark 6.4. Using a slightly more involved version of the separation argument 
in the proof of Theorem \6.S\ (see the proof of [15], Proposition 3.6, for the case 
E = U' ), one may show that in fact 

E{M;l^)* =E''{M;l°°) 

isometrically, with respect to the duality bracket 



{x,y) = ^T{xkyk), 



fe>i 

where X € E{M;f) and y e E''{M;l°°). 

The following result facilitates the interpolation of noncommutative maximal 
inequalities. 

Theorem 6.5. Let E be the Kothe dual of a separable symmetric Banach function 
space on IR+. Suppose that 1 < p < q < oo and let Sk '■ LP'^{M)+ + L'^'^{M)+ — > 
S'(t)-|_ be positive linear operators satisfying 

(30) \\{Sk{x))k>i\\L^-(M;i-') ^r \\x\\l^-^^M) {x € L'"''^ {M)+ ,r ^ p, q) . 
If Qe < q o-nd either p = 1 or pE > p, then 

(31) \\{Sk{x))k>l \\EiM;l^) <E \\x\\EiM) {^ £ E{M) + ). 

Proof. Let F be the symmetric space on R+ such that F^ = E. By (IS|) we have 
Pf > q' and, if p^; > 1 also qp < p' ■ Since 5^ is positive, so is its adjoint S^.. If 
f e {p,q} and y = (yk) G L^' {M;l^) with yk > 0, then for any x G L^'^{M)+, 

Xl^('^fe(2/fe)a;) = ^r(yfcS'fe(a;)) 
fc>i fe>i 

< \\y\\L-'{M;l^)\\i^k{x))k>l\\L-{M;l--) 
S \\y\\L-'{M;l^)\\^\\L''-HM)- 

It follows that 

||g*.-(»)|L,,.,,,,s||i:»4,,,,, 

Therefore, if (yk) G F{M;l^) satisfies yk > 0, then by Theorem 15.101 



y^siiyk) :sF\\y2yk\\ 



Hence, if x G E{M)+, then 

^T{ykSk{x)) = '^T{Skiyk)x) 



fe>l k>l 



^ \\j2^*k^yk) ^.^\x\\E(M)<E\\J2yk\\\\x\\E(M)■ 

By Theorem 16.31 we conclude that ([5T|) holds. D 

Examples of sequences of operators satisfying the conditions of Theorem 16.51 are 
established in 17[ • We give two examples which yield maximal ergodic inequalities 
in noncommutative symmetric spaces. Let T : A^ — > TM be a linear map such that 
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(a) T is a contraction on A^; 

(b) T is positive; 

(c) t(T(x)) < t{x) for all x G L^{M) H M+. 

In [l7|, Theorem 4.1, it is shown that for any 1 < p < cxd the ergodic averages 

k 
Mfe(T) = -— ^T' (fc>l), 

4=0 

satisfy the maximal inequality 

\\{Mk{T)ix))k>i\\LPiM;i^) <p Mlhm) {x e LP{M)+). 
If T moreover satisfies 

(d) T{T{y)*x) = T{y*T{x)) for aU x,y e L^{M)r\M, 

then, as was observed in [17|, Theorem 5.1, for every 1 < p < oo one has 

\\{T\x))k>i\\LPiM;i^) <p Mlhm) (^ e LPiM)+). 

Using Theorem 16.51 we can interpolate these inequalities to obtain the following 
result. 

Theorem 6.6. Let E he the Kothe dual of a separable symmetric Banach function 
space on M+ and suppose that 1 < pE < qs < oo. If T : A4 ^>- A4 is a linear 
operator satisfying conditions (a)-(c) above, then 

\\{Mu{T){x))k>l\\E[M;l^) <E \\x\\EiM) (x G E{M) + ). 

If T moreover satisfies condition (d), then 

\\{T\x))k>l\\E{M;l^) <E MsiM) (^ £ E{M) + ). 

To conclude this section, we prove a version of Doob's maximal inequality for 
noncommutative symmetric spaces. First recall the following definitions. Let E be 
a symmetric Banach function space on M_|_ and let A^ be a semi-finite von Neumann 
algebra. Suppose that {Mk)k>i is a filtration, i.e. an increasing sequence of von 
Neumann subalgebras such that T\Mk is semi-finite, and let £k be the conditional 
expectation with respect to A^fe. Then a sequence (xk) in E{M.) is called a martin- 
gale with respect to (Mk) if £k{xk+i) — Xk for all fc > 1. A sequence (j/fc) in E[M.) 
is called a martingale difference sequence if yk — Xk — Xk-i for some martingale 
{xk)^ with the convention xq = and A^o = CI. It is called finite if there is some 
TV > such that yk = for all k>N. 

It was shown by M. Junge in [l5| that for every 1 < p < oo, 

(32) \\{£k{x))k>l\\LP{M;l-=-^) Sp \\x\\lp(M)- 

This result implies the following version for noncommutative symmetric spaces. 

Theorem 6.7. Let A4 be a semi-finite von Neumann algebra and let E be the Kothe 
dual of a separable symmetric Banach function space on M+ with 1 < pe < qs < oo. 
For any X G E{A4) and any increasing sequence of conditional expectations {£k)k>i, 

(33) Wk{x))k>l\\E(M;l--) ^E \\x\\e{M)- 

If {xk)k>i is a martingale in E{A4), then 

SUp||a::fc||£;(^) < \\{xk)k>l\\E{M;l--) ^E SUp\\xk\\E(M)- 

fe>l fe>l 



Proof. The first statement follows immediately from Theorem 16.51 and ([32]). To 
prove the second statement, let Xk = aykb with {yk)k>i a- bounded sequence in 
Ai and a,b £ E^^'>{^A). Since E is the Kothe dual of a symmetric space, it has 



24 SJOERD DIRKSEN 

the Fatou property and is hence fuhy symmetric. Therefore, fi{xk) <~< ii{ayk)fJ-{b) 
imphes that 

\\xk\\EiM) < \\^J'{ayk)^^{b)\\E 

< l|ayfc|lB(2)(>t)||&||_B(2)(x) 

< l|a|b(2)(A^)l|yfc||oo||&||B(2)(A<). 

Taking the infimum over all decompositions as above gives 

SUp||xfc||B(A4) < \\{xk)k>l\\E(Mil°-)- 
fe>l 

For the reverse inequality, observe that E{M) C L^ {M) + L'^' {A4) for some I < p < 
Pe < Qe < q < oo. Let (a;fc)fc>i be a martingale in E{M) with supj.>;^ l|a;fc||£;(Ai) = 
1. Then (xk) is a bounded martingale in LP{Ai) + L''{A4) and hence there exists 
Xoo G LP{M) + L'i{M) such that Xk -^ x^ in LV{M) + Li{M) and Skixoo) = Xk 
for all fc > 1. Since E{M) has the Fatou property, its unit ball is closed in S{t) (cf. 



llj . Proposition 5.14). As Xk — >■ Soo in measure, we conclude that Xoo S E{M) 



and ||a;oo||£;(A^) < 1- Applying (1551) for x = x^c yields the result. D 

7. Burkholder-Davis-Gundy and Burkholder-Rosenthal inequalities 

As applications of the noncommutative version of Doob's maximal inequality and 
its dual version, we derive versions of the Burkholder-Davis-Gundy inequalities and 
Burkholder-Rosenthal inequalities in noncommutative symmetric spaces. Let E be 
a symmetric Banach function space on R+. For any finite martingale difference 
sequence (xk) in E{M) we set 



' E{M) II V 



E{M) 



These expressions define two norms on the linear space of all finite martingale 
difference sequences in E(^M.). The following Burkholder-Davis-Gundy inequalities 
extend the Burkholder-Gundy inequalities established in [7]. 

Theorem 7.1. Let E he the Kothe dual of a separable symmetric Banach function 
space on R+ and suppose that 1 < pE < Qe < oo. Let M be a semi-finite von 
Neumann algebra and {M.k)k>i a filtration in A4. Then, for any finite martingale 
difference sequence (xk) in E{A4) we have 

\\ixk)\\H^+H^ <E y^a^fcL,.,, , ^-E \\{xk)\\H§:nH^- 
II ^—-' \\E(M:l°°) 
k 

Suppose that, moreover, E is separable. If pe > 1 and either qe < 2 or E is 
2-concave, then 

k 

On the other hand, if either E is 2-convex and qE < oo or 2 < pE < qE < oo then 
(34) 5Z^fcL..., ,-E\\{xk)\\H^nH^- 

II ^ — ' WEiM-.l"^) 
k 

Proof. If F is a symmetric Banach function space with F^ = E, then by ([5]) 
I < Pf < qp < oo. By Theorem 16. 71 



E 



^k\\ -E y^xkii 

\\E(M) W -^ \\E(M;1° 



The result now follows directly from [TJ, Proposition 4.18. D 
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The following result generalizes the noncomniutative Rosenthal inequalities pre- 
sented in [71 , as well as the Burkholder- Rosenthal inequalities for noncomniutative 

1 — I I — I 

iy^-spaces and Lorentz spaces obtained in [16|, Theorem 5.1, and [IJI, Theorem 3.1, 

respectively. The proof follows the general lines of the proof of [7|, Theorem 6.3. 
Let Af„(A^) denote the von Neumann algebra of n x n matrices with entries in Ai 
and for any sequence {xk)^^i in E{Ji4) we let diag(xfe) and col(xfc) be the matrices 
with the Xk on its diagonal and first row, respectively. 

Theorem 7.2. (Noncommutative Burkholder-Rosenthal inequalities) Let M. be a 
semi-finite von Neumann algebra. Suppose that E is a symmetric Banach function 
space on R+ satisfying 2 < pE < qs < oo. Let {M.k) be a filtration in A4 and, for 
every k > 1, let £k denote the conditional expectation with respect to A4k- Let (xk) 
be a martingale difference sequence in E{A4) with respect to (Aik)- Then, for any 
n>\. 



E 



Xk\ 



k=\ 



\E{M) 



n 

tE max|||diag(xfc)fc^i||£;(M„(A4)), (E^'^-i'^'^' 



fc=i 



E{M) 



(35) 



KE^-.i^'iflL,^,}- 



Proof. We first prove that the maximum on the right hand side is dominated by 
II J2k^k\\E{M)- Recall that L'^{M) has cotype g if 2 < g < oo, i.e., 



n 

||diag(xfe)'^^i||L,(M„(x)) = [^\\xk\ 



9 



fc=l 



- E^'= ® ^''' 
fc=l 



L'!(L°°®A<) 



By interpolating this estimate for q = 2 and q > qE we obtain 

n 

l|diag(a:fc)fe=i||B(A/„(.M)) <e \\Y^ 
Moreover, by [3, Lemma 4.17, 



:e II 7 jk(i()Xk 
fe=i 



E{L-=°®M) 



E 



Tk ®Xk 



E{L°^(g,M) 



E 



Xk\ 



\E(M) 



Since 1 < PE(2) ^ ^e^^) < oo, we obtain by applying the noncommutative dual 
Doob inequality fCorollarv l5.12p in E(^2){M), 



\y^£k-i{x*kXk) 

k 



E{M) 



^£k-l{xlxk) 



S(2)(A4) 



<. 



E 



XkXk 



Ei2)(M) 



E 



XkXk 



E(M) 



Therefore, by the noncommutative Burkholder-Gundy inequality {Q^, Proposition 
4.18) we conclude that 



<, 



E{M) 



Ks 



XkXk 



^£k-i{x*kXk 

k . — ,--., ^ 

and by applying this to the sequence (x^) we get 



<, 



E(M) 



E 



Xk\ 



\E(M) 



\\Y^^k-l{xkX*k) 
k 



<, 



E(M) 



E 



Xk\ 



\E(M) 
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We now prove the reverse inequality in psp . By the noncommutative Burkholder- 
Gundy inequality, 



{IKi: 



Xf.Xk 



E{M) 



(36) > XkW 5-B max 

By the quasi-triangle inequality in E(2){M.) we have 



\{T.-^-iy\\^,j 



\^y^xlxk 



\E(M) 



(37) 



<, 



(|X!^^^'^ ~^k-l{xlxk) 
k 



Ei2)(M) 



E^-i( 



Xf.Xk, 



E(2)iM) 



Notice that (Ixkl"^ ~ £k-i{\xk\'^))k>i is a martingale difference sequence in £'(2)(A^)- 
Since 1 < Pe,2-, j '7-E(2) < c)o we find by the noncommutative Burkholder-Gundy 
inequality 



y^Xf^Xk Ok~l(Xi^Xk 



<, 



<, 



E(2){M) 



\[^i^*k^k ~ £k-i{x*kXk))' 

k 



Ei,2)iM) 



Ei2)(M) 



Ei2){M) 



where in the final inequality we use the quasi-triangle inequality in _E(2) {M-] Ic)- By 
applying the noncommutative Stein inequality (Corollarv lS.fSp to the second term 
on the right-hand side, we find that 



'^x*kXk - £k-i{x*kXk) 



<, 



E(2){M) 



KE 



Xk\ 



S(2)(A4) 



Let X — col(|a;fe|) and y = diag(|a;fc|). Since niyx) ^^ fi{x)^{y), it follows from the 
Calderon-Mitjagin theorem ([21|, Theorem II. 3. 4) that there is a contraction T for 
the couple {L^,L°°) such that ^i{yx) = T{fj.{x)ii{y)). Therefore, 



KE 



Xk\ 



E,2){M) 



= ||(a:*y*y2;)nU(2)(Af„(A4)) 

= \\yx\\E^2^(M„iM)) <E ||Ai(a;)M(y)IU(2) 

= llM(a;)^M(y)^lll < \\y\\E{M„{M))\\x\\E{M„{M)) 



(38) 



||diag(a;fc)||E(M„(A^))|H^2^|a;fc| 

k 



KEi 



E{M) 



where in the final inequality we use Holder's inequality. Putting our estimates 
together, starting from ([37]), we arrive at 



KE 



Xk\ 



<, 



(^||diag(xfc)||E(M„(x)) |( E 



E^' 



k-l\Xk\ 



In other words, if we set a = \\iJ2k\^k\'^)^\\E{M), b = \\diiig{x k)\\EiM„(M)) and 
c = IKX^fe ^fe-iN*:P)^ lls(>f)i we have a^ <e ab+c^. Solving this quadratic equation 
we obtain a <e max{&, c}, or, 



E 



Xk\ 



< 



E(M) 



E max 



- 
{||diag(xfc)||i5(M„(.M)), ( E^'^-il^fen' r.,..y 
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Applying this to the sequence {xD gives 

- II - 

X^l^feH' r.r... --Eniax|||diag(xfe)||i5(M„(M)), ( Vffc-i|4n' ^,.,,|- 



The resuh now fohows by ([55)) . D 

Remark 7.3. Of course, if E is the Kothe dual of a separable symmetric Banach 
function space onR+, then by virtue of Theorem \6. 7\ we may replace \\ X]fc=i ^k\\E{M) 



Appendix A. Original approach to Boyd's theorem 

In this appendix we prove a fuU nonconimutative analogue of Boyd's interpolation 
theorem, which allows for interpolation of operators of weak type, instead of only 
operators of Marcinkiewicz weak type. We adapt the original proof of Boyd 4J. 

The first result is an extension of Calderon's characterization of weak type op- 
erators ( 6j, Theorem 8). Define Calderon's operator by 

Sp,,f{t) = t--^ / s-^f[s)- + r i / s^f{s)- {t>0, fe 5(R+)). 
Jo ^ Jt s 

Theorem A.l. Let A4,Af be von Neumann algebras equipped with normal, semi- 
finite, faithful traces t and a, respectively. Let < p < q < oo and suppose that 
T : LP'^{A4)^ + L''^(A^)_|_ — >■ S{a)+ is a midpoint convex map satisfying 

(39) ||TxlU,.,oo(^) S l|a;||L-.i(>() ixeL'^''iM) + ,r^p,q). 

Then, 

l^t{Tx) <p,q Sp,q^i{x){t) (i > 0). 

Proof Fix i > 0, let X e LP^'^{M)+ + L«'i(A4)+ and set 5 = ^it{x). Define xj = 
{x — J)e^((5, oo) and x^ — x ~ xj, so x^ = xe'^p, i5] -I- de^{6,oo). Observe that 



J.2 

by 



x\,x1 > as a; > 0. Define two increasing, continuous functions 0i, 02 



(/)i(u) = (u - 5)x{i,>s}, 02 (m) = 5x{u>s} + "X{«<<5}- 

From proposition 15. II it follows that 

M(a^t) = M(0i(a;)) = 4>i{Kx)) = {tJ.{x) - S)x{^(x)>s}; 

M(a^?) = M(02(a;)) = 02 (^(a;)) = Sx{t,(x)>s} + lJ-{x)xMx)<s}- 

Using that S — fit{x) we obtain 

fis{xl) = (/i.(a;) - S)x[oM^) {s > 0); 

fis{xf) = Sx[a,t]{s) + lJ's{x)x{t,oo){s) (s > 0). 

In particular, fi{x) = ^(xj ) -I- /i(a;j ). By midpoint convexity, 

MTx) < M\T{2x\) + \T{2x^,)) 

< lfii{T{2xl)) + yi^{T{2xfj). 

By ([5^ we obtain 

fi^{T{2xl))<pt-p\\xl\\Lp,i{M)=t^^ / SPfisix])— ^Sp^gfi{xl){t) 

Jo s 

and, moreover, 

H^{T{2xf)) <q t^^\\xf\\Ll.^M) 

-1 f°° 1 , 2-.ds 
= t 1 sifislx^) — 

Jo s 
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/ Sid \- t 1 I Si^six) . 

Jo s Jt s 



Since 



it follows that 



S10 — = qo = —t p f spo — , 



Putting our estimates together, we conclude that 

MTx) <p.q Sp^qH{xl){t) + Sp,qfl{x'^t){t) = Sp,qfl{x){t) . 

If we define the operators 



n 



Ppfit) - t-^ I s-pfis)-; 
Jo ^ 

poo 7 

QJ{t) = t--. / s-.f{s)-, 



then Sp^q = Pp + Qq for all < p,q < oo. The following observation for symmetric 
Banach function spaces and p, g > 1 is the main result of [4] . The general case is 
proved using essentially the same argument (see 127|, Theorem 2). 

Theorem A. 2. If E is a symmetric quasi-Banach function space on R+, then the 
following hold. 

(a) If < p < oo, then Pp is bounded on E if and only if p < Pe- 

(b) If < q < oo, then Qq is bounded on E if and only if qs < Q- 

By combining the observations in Theorems lA.ll and IA.2I we find the following 
noncommutative extension of Boyd's theorem. 

Theorem A. 3. Let E be a symmetric quasi-Banach function space on R+ which 
is s- convex for some < s < oo. Let M,Af be von Neumann algebras equipped with 
normal, semi-finite, faithful traces t and a, respectively. Suppose that < p < q < 
oo and let T : LP'^(A^)_|_ + L^'"'^(A^)+ — > S'(cr)+ be a midpoint convex map such that 

\\Tx\\L-.^(^^f^ <r \\x\\l-.^j^^ (x e L''^^ (>[)+, r^p,q). 

If P < Pe ^ Qe < q < oo or p < Pe and q — oo, then 

\\Tx\\E(Ar) <p,q,E \\x\\e(m) {x e E{M)+). 
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